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A Landau theory is developed for uniaxial and biaxial nematic phases, based on the
order parameter S3®. Four nematic phases, two uniaxial and two biaxial, are predicted
and their symmetries are discussed. A typical phase diagram is presented and com-
parisons are made with earlier mean field theories and Landau theories based on a
second rank tensor order parameter.

INTRODUCTION

The Landau theory of phase transitions is based on an order param-
eter which describes the change in symmetry of the substance when
a phase transition occurs.! Usually the quantity which undergoes this
change in symmetry is the atomic density function p(1) where p(1)dV,
is the probability of finding an atom in the volume element around
point 7. (This function should not be confused with the molecular
distribution function of mean field theory.) However, as pointed out
by Landau and Lifshitz,! for anisotropic fluids like nematic liquid
crystals, the function p(1) is a constant and it is necessary to consider
the atomic correlation functions which are the functions that undergo
the requisite change in symmetry.

In developing our theory of nematic phases we will make the fol-
lowing simplifications. The fluid is assumed to consist of ‘‘biaxial”
molecules in the sense that any second rank tensor property of the
molecule, such as the moment of inertia or the magnetic susceptibility,
yields three distinct principal values. Further, we assume that the
molecules are not chiral and that no ordering of a vector nature occurs
in any of the nematic phases.
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The important atomic correlation functions are given by p(1{2) and
p(1,2|3) where p(1]2)dV, is the probability of finding a particular type
of atom at 7, given that there is another atom at #,, and p(1,2|3)dV,
is the probability of finding an atom at 7; given that there are atoms
at 7, and 7,. Thus

p(1,2) = p(1) p(112)

and

p(1.2,3) = p(1) p(1]2) p(1,2[3)

where p(1,2)dV,dV, is the probability of finding atoms at 7, and 7,
and p(1,2,3)dV,dV,dV; is the probability of finding one at 7#,, one
at 7,, and one at 7.

The symmetry of the function p(1|2) is restricted by the observation
that all symmetry operations leave point 7, unchanged, i.e. the sym-
metry group will be a point group whose origin is #,. Due to our
assumption of no vector ordering, the possible symmetry groups are
K,, D,, and D..,. (In principle D,,, is possible, but for the simplest
non-vector angular dependence, any rotation axis of order higher
than two is equivalent to an axis of infinite order.) In contrast the
function p(1,2|3) must leave both #, and #, unchanged under a sym-
metry operation and therefore the only possible rotation axis is the
axis defined by 7-7,. In general for arbitrary atoms at arbitrary
points, the function p(1,2|3) will have no symmetry at all. However
for simplicity consider the particular function p,(1,2}3) such that the
atoms at 7, and 7, are on the same molecule and 77, is parallel
to the long molecular axis. Under the assumptions mentioned pre-
viously, the possible symmetry groups of p,(1,2|3) are C,, and C.,,.

The symmetry point groups of the atomic correlation functions
p(1]2) and p,(1,2|3) can now be categorized as in Table I. To our
knowledge, only the symmetry of p(1|2) has been previously consid-
ered explicitly in describing the nematic phases. At high temperature,
p(1]2) is invariant under both inversion and arbitrary rotations (the
group K,) while all functions p(1,2|3) have C., symmetry, and we
logically associate this with the isotropic liquid. When the long mo-
lecular axes preferentially order along the nematic director, the cor-
relation function p(1|2) has a lower symmetry, D.,. The function
p,(1,2|3), because it has rwo atoms at given positions, is sensitive to
rotations of a molecule about the long molecular axis; while p(1]2) is
only sensitive to the orientation of the long molecular axis relative
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TABLE I

Catalog of possible point group
symmetries of atomic correlation
functions.

Point group Point group
symmetry of  symmetry of

Case p(1]2) p.(1.2]3)
1 K, C.
2 D., C,,
3 D., Ca
4 2h C '
5 D,, C..

to the spatial coordinate axes. Four nematic phases are possible, listed
as cases 2 through 5 in Table I. We will now show how these four
phases may be described by a suitable order parameter.

THE ORDER PARAMETER AND ITS INVARIANTS

As presented in an earlier paper,? we take as the order parameter
the tensor Sj¥:

1 P I
St = 5 QM - L) (M; - L) = 8;8.0)

where M; and L, are unit vectors defining molecular and laboratory
coordinate systems respectively, and the angular brackets denote a
thermal average. For a suitable choice of both sets of axes, the only
finite elements are those such that « = B and = j. The finite elements
are linear combinations of Straley’s four parameters® §, 7, U, and V
defined in terms of the Euler angles ¢, 6 and ¥ which rotate the
laboratory axes into coincidence with the molecular axes.

_3.. _1>
S—<2c056 >

T = {sin’0 cos2d)

U = (sin®0 cos2ys)

v

<% (1 + cos®0) cos2d cos2d — cosB sin2d sin2¢>.
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A subsequent transformation to new variables r,, r,, o and B is later
found to be useful.

S = ry cosa + r,cos

1
E\/? T = r, sina + r, sinf

1
5\/3 U= —r sina + r,sinB

V = r, cosa — r, cosp.

In order to construct the free energy, the rotational invariants of the
order parameter must first be found. These invariants cannot depend
on the choice of either the laboratory or molecular axes. There are
five finite invariants (or pseudo-invariants) given by

12=r%+r§=S2+%T2+%U2+V2

I; = r} cos(3a) + r3 cos(3B)
- r

Is = ri cos(3a) — r3 cos(3B)
Iy = r} r3 sin(3a) sin(3B).

I, and 1, are second order in S3, I; and 5 are third order, and Ig is
sixth order.

The proof that the free energy may be satisfactorily expanded as
a polynomial in these five quantities is based on a generalization of
Cauchy’s proof of the Fundamental Theorem on Symmetric Func-
tions.* Briefly the major points in the proof are outlined in the fol-
lowing way. As already mentioned, Si® reduces to the nine elements
such that « = B and i = j where a and i range over x, y, z for a
special choice of both the molecular and laboratory axes. The nine
elements are reduced to four independent ones by noting that
> See = ¥ §2= = 0. However, the requirements of rotational in-
a ]
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variance is expressed by the fact that invariant functions of the four
independent elements must not change under any permutation of the
molecular axes or any permutation of the laboratory axes. Quantities
I, and I5 change sign under some permutations and thus can occur
only in combinations /%' I%2 such that the sum of the exponents n,
+ n,is an even number. By considering an arbitrary function of the
four independent elements which satisfies invariance under permu-
tations of axes and then substituting invariant /, for one of the four
elements, the function can be written as a polynomial in the three
elements and one invariant. Continuing to substitute, it is found that
the function can always be written as a polynomial in the five quan-
tities [, — I,.
The free energy to sixth order is S;P is therefore found to be

F= AL + Bl, + CI3 + GlI? + D,LLI, + D,l I
+ EJd3 + EsLIZ + Esl + EJ: + Edl,

The parameters A, B, C,, C,, D, D,, E,, E,, E;, E,, and E; are
phenomenological parameters and following the usual tenets of Lan-
dau theory we assume that A is linear in temperature. By minimizing
the free energy with respect to ry, r,, a, and 8 the equilibrium state
can be found for a given temperature and set of parameters. Table
I1 lists the possible ordered nematic phases and their symmetry and
identifies which of the order parameters S, T, U, and V are non-zero.
U, and U, are uniaxial phases while B and B* are biaxial.

TYPICAL PHASE DIAGRAMS

Because the free energy has so many phenomenological parameters,
we have not yet carried out a systematic search to obtain all possible

TABLE II

List of nematic phases, their symmetry, and order parameters.

Symmetry of  Symmetry of Finite
Name of phase p(1)2) p.(1,2]3) parameters
Isotropic K, C., none
U, D., C., hY
U, D., C,, S, U

B D,, C., S, T
B* D, C., S, T, UV




Downloaded by [Tomsk State University of Control Systems and Radio] at 11:57 20 February 2013

50 D. W. ALLENDER, M. A. LEE and N. HAFIZ

phase diagrams, although some interesting examples have been stud-
ied. In a previous paper? it was demonstrated that for a selected set
of coefficients, treating A (i.e. temperature) and B as variables, a
phase diagram is generated having isotropic to U,, isotropic to B*,
and U, to B* transitions. We will not repeat any further discussion
here.

As a second interesting possibility, we have considered this set of
parameters: C, = 0,C, =1,D, =1,D,=1,E, =1, E, =1, E;
= 1,.E, = 1, E; = —7. The resulting phase diagram is shown in
Figure 1. Three types of transitions are seen to be possible, namely

_.2 -

FIGURE 1 For the values of phenomenological parameters given in the text, this
phase diagram results, having isotropic (/) to U\, I to B and U, to B transitions.
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isotropic to U, isotropic to B, and U, to B. For large absolute values
of the parameter B, the U, to B transition is second order while all
other transitions are first order. Of particular interest is the existence
of the line of isotropic to B transitions. Furthermore, an examination
of the expression for the free energy reveals that if the sign of the
coefficient E; is reversed, the stability of the phase B is replaced with
the U, phase, thus suggesting the possibility of having U, to U, tran-
sitions, as well as isotropic to U,.

DISCUSSION

It is useful to make a comparison between the Landau theory of
nematic liquid crystals presented here and the earlier theories of
Freiser,>¢ Alben,” Straley,® Luckhurst et al.,® and De Gennes.® The
work of Freiser and Alben assumed a second rank tensor as the order
parameter, and allowed, in our notation, only for the U, and B phases.
The phase diagram published by Alben’ has first order isotropic to
U, transitions and second order U, to B transitions as well as a special
point at which there is a transition from isotropic directly to the biaxial
phase. It has been widely believed that such a diagram always results,
regardless of the values of the parameters ¢, d, e, and f in Alben’s
free energy expression, Eq. (4) of reference 7. Guided by the results
shown in Figure 1, we have re-examined Alben’s free energy, and
note that there are two regimes: for 4cf > d?, a phase diagram like
Alben’s occurs, but for 4cf < d? a phase diagram like our Figure 1,
having a line of isotropic to B transitions, occurs. We have also
verified that a phase diagram like Alben’s is obtained for an appro-
priate choice of parameters C, through E so that the results of Freiser
and Alben are contained within the present work.

De Gennes proposed that the second rank tensor order parameter
for nematic phases could be taken to be xi, which is related to S3#
by the relation

Xap = 2 A SiP
if

where x4g is the anisotropic magnetic susceptibility and A is the
molecular magnetic susceptibility. Under this assumption it is straight-
forward to show that if the molecular susceptibility A is biaxial, only
the phases U, and B* should occur while if A; is uniaxial the expected
phases would be U, and B. This prediction is identical to the results
of the mean field theories of Straley* and Luckhurst et al.? Each of
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these theories predict that a U, to U, transition should not occur
(unless the molecular structure changes) which is in contradiction to
the theory proposed here.

Ideally, experiment!® should resolve whether transitions such as U,
to U, and isotropic to B* etc. actually occur, or whether in fact the
proper order parameter is indeed a second rank tensor rather than
SzP. At the present time it appears that all known uniaxial nematic
phases are of type U,, while the only observed biaxial nematic phase
occurs in the lyotropic mixtures pioneered by Saupe et al.'!2 Thus
not enough data are available yet to resolve the important questions.

References

1. L. D. Landau and E. M. Lifshitz, Statistical Physics, 3rd Ed., Part 1 (Pergamon
Press, Oxford, 1980), p. 438 ff.

. D. W. Allender and M. A. Lee, Mol. Cryst. Lig. Cryst., 110, 331 (1984).

. J. P. Straley, Phys. Rev. A, 10, 1881 (1974).

. 1. V. Uspensky, Theory of Equations, (McGraw-Hill, New York, 1948), p. 264
ff.

. M. J. Freiser, Mol. Cryst. Lig. Cryst., 14, 165 (1971).

. M. J. Freiser, Phys. Rev. Lett., 24, 1041 (1970).

. Richard Alben, Phys. Rev. Leu., 30, 778 (1973).

. G. R. Luckhurst, C. Zannoni, P. J. Nordio, and U. Segre, Mol. Phys., 30, 1345
(1975).

9. P. G. de Gennes, The Physics of Liquid Crystals (Clarendon, Oxford, 1974).

10. J. W. Doane, in Magnetic Resonance of Phase Transitions, edited by F. J. Owens,

C. P. Poole, Jr., and H. A. Farach (Academic Press, New York, 1979).
11. L.J. Yu and A. Saupe, Phys. Rev. Leut., 45, 1000 (1980).
12. A. Saupe, P. Boonbrahm, and L. J. Yu, J. Chem. Phys., 80, 7 (1983).

o N )

o~ N



